Hands-on Mathematics for the Classroom

Introduction
http://en.wikipedia.org/wiki/Topology
http://britton.disted.camosun.bc.ca/buttonhole/buttonhole.html

Topology, as a branch of mathematics, can be formally defined as "the study of
qualitative properties of certain objects (called topological spaces) that are invariant
under certain kind of transformations (called continuous maps), especially those
properties that are invariant under a certain kind of equivalence (called
homeomorphism)." In simpler terms, topology is concerned with properties of
geometric objects that are not affected by elastic distortions. These properties include
number of holes, dimensionality, and boundaries that remain unchanged when the
object is distorted in any way by such things as twisting, shrinking, or stretching.
Topology has sometimes been called "rubber sheet geometry
Topological puzzles are well suited to a hand-on approach and include: knot puzzles,
bridge crossing puzzles, mobius strips, wire puzzles, and string puzzles
The mathematical explanation for many of the puzzles presented here is quite complex,
but should not dissuade you from using them in your math class. Puzzles are fun and
can initiate curiosity-fuel problem solving, which is authentic and most satisfying when
successful. Solving these puzzles will require perseverance and lateral thinking to
arrive at the “aha moment” These examples are well suited to both math centers and
regularly scheduled puzzle periods. They also make excellent topics for math projects
and displays at math fares.
The puzzles and activities here are not original and have all been culled from math web
sites and blogs. I have included the links to the primary source or sources under each
activity title. In compiling this document, I became aware of some excellent websites
that offer teachers a wide range of quality activities. These sites include:
http://www.aimsedu.org/Puzzle/categories/topological.html
http://mathsyear7.wikispaces.com/
http://mathforum.org/
http://www.gamesmuseum.uwaterloo.ca/
http://www.cut-the-knot.org/Curriculum/index.shtml
http://britton.disted.camosun.bc.ca/jbstringring.htm
http://mathcentral.uregina.ca/index.php

Jim Kreuger
Baker Lake
January 25, 2011
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Buttonhole Puzzle
http://britton.disted.camosun.bc.ca/buttonhole/buttonhole.html
http://www.aimsedu.org/Puzzle/pencil/pencil.html

History
The Buttonhole Puzzle presented here is a homemade version of Sam Loyd's (18411911) original commercially produced Buttonhole Puzzle. Developed as a sales
gimmick, this puzzle is deceptively difficult for must of us to solve. As the story goes,
Loyd developed the puzzle for a life insurance company to help increase sales. He
affixed the puzzle to the Company President’s coat buttonhole and bet him that he could
get it off. The President couldn’t get it off and offered to pay Loyd to remove it. The
puzzle became an attention grabber for salesmen and was responsible the coining of
the phrase “to get buttonholed” (cornered by a salesman).
How to Make the Puzzle
1. Drill a small hole through a new pencil just under the
metal band at the top.
2. Thread a piece of string through the hole and tie a knot
to create a loop that is shorter (1-2 cm) than the pencil.
The Set-up
The pencil can be attached to any shirt with buttonholes
big enough for the pencil to pass through.
1. Place the loop over the buttonhole and pull the
buttonhole and surrounding cloth through the loop. (In
effect, this extends the length of the loop to be longer
than the pencil)
2. When enough cloth is pulled through the loop, place
the tip of the pencil into the buttonhole.
3. Pull the pencil through the buttonhole and the loop will
form a knot around the buttonhole.
The Solution
To remove the pencil, carefully follow the above steps in
reverse order. ." In this puzzle, pulling the shirt and
buttonhole through the loop extends the distance that the
buttonhole is from the end of the pencil, thereby allowing it
to pass through.
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The Handcuff Puzzle
http://mathssquad.questacon.edu.au/the_handcuffs_puzzle.html
http://www.aimsedu.org/Puzzle/linkLoops/linkloops.pdf

This is a classic puzzle that has been around for at least 250 years. It is very
challenging, but it does give teachers a chance to get students up and moving. Its
solution depends on lateral thinking and topology.
How to Make the Puzzle
1. Cut two pieces of cord or rope about 1.5 metres long
2. Tie a small loop (big enough to slide your hand through) in each end of each rope.
The Set-up
For this puzzle you need two people and enough room to move around.
1. Give one rope to the first person and ask them to slip one hand into each loop so that
the rope acts as a large pair of handcuffs.
2. With the rope handcuffs on, ask the person to hold his or her arms outstretched.
3. Take the second rope and loop it around the rope handcuffs
on the first person.
4. With the second rope linked to the first, ask the second
person to slip the loops of the second rope onto his or her
hands. The result should resemble the adjacent diagram.
The Challenge
The two people must disentangle themselves without removing the handcuffs or
cutting/untying the rope.
The Solution
1. Pinch your rope in the middle and move it to one of the
forearms of your connected partner.
2. Slide your pinched rope towards the wrist of your partner and
under the loop.
Grab your rope on the other side of the loop and pull it up and
over the hand of your partner.
3. Now pull your rope back under your partner’s loop and you will
be free.

The gap between the loops and your wrists makes this solution possible. People rarely
solve this puzzle without a little help but let your students have some fun trying before
hints or a solution are offered.
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Hand to Hand Switcheroo
by Dave and Michelle Youngs
http://www.aimsedu.org/Puzzle/switcharoo/switch1.html

Introduction:
This puzzle is a magic trick that requires no slight of
hand, just a little dexterity and practice. It is an
application of topological principles. In this trick, two
AA batteries are switched back and forth between
hands without dropping them. This is not as easy as
it might seem since the objects must start off being
held as shown in the first illustration and end up
being held as shown in the second illustration. There
are two challenges here: moving from figure 1 to 2
and from figure 2 to 1. Before you do this activity
with students, you should master the trick yourself. It
is best to learn the trick by watching someone do it,
but I will offer these instructions instead.
Instructions:
1. Place two AA batteries in your hands (+ side up) as pictured in the first diagram.
2. Rotate your right hand about 90o and place your right thumb on the bottom of the
battery in your left hand and your right middle finger on the top (+ side).
3. While pinching the right battery between your thumb and index finger and the left
battery your right thumb and middle finger, slowly rotate your right hand
counterclockwise until you can grab the battery in your right hand with your left thumb
on the bottom and middle finger on the top (+ side).
4. Slowly pull your hands apart and rotate them into the position shown in the second
diagram.
5. Once you have figured out how to do it, practice the trick until you can make the
switch smoothly without thinking about what you are doing. Then figure out how to
go backwards from figure 2 to figure 1. At this point, you are ready to introduce it to
your students.
Presentation:
Show students the switch several times, and then give them the batteries (piece of
chalk will also work fine) and let them try it for themselves. It is unlikely that your
students will succeed in making the switch after only a few tries, so encourage them to
be persistent. Show your students the switch in slow motion as many times as they
request—after all, you want them to be able to perform the trick. When one or two
students are successful, encourage them to show others how to do the trick. Once
students have mastered the trick they can try to explain how it works and challenge their
friends and family with it!
Why it Works.
This trick involves yet another example of the topological principle of transference of
curves.
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Tie a Knot Without Letting Go of the Rope
http://bencdean.home.comcast.net/~bencdean/school/Unit%2010.pdf

Challenge your class to grab a piece of rope with one end in each hand and tie a knot
without letting go of the rope. Sound impossible? Follow the instructions given below to
successfully complete the challenge.
Step 1 Place a piece of rope or string in front of you on a table
or a desk.
Step 2 Fold your arms across your chest.
Step 3 With your arms still folded, grab the left end of the rope
with your right hand and the right end of the rope with
your left hand.
Step 4 Hold the ends of the string and unfold your arms. The
string should now have a knot in it.
This trick works because of a principle in topology called
transference of curves. Your arms had a knot in them before
you picked up the string. When you unfolded your arms, you
transferred the knot from your arms to the string.

Feynman's Plate Trick
http://zetahype.wordpress.com/

Stretch you right arm out, palm up with a plate on it. Try to rotate your
palm clockwise about the vertical axis while keeping it facing up at all
times. (do not drop the plate) You will notice that it takes a continuous 720
degrees rotation rather than a 360 degrees rotation to bring your arm
back to its original state. This is an illustration of the remarkable fact that
an object rotated through 360 degrees might not always come back to its
original state. The second rotation effectively undoes the first and
eliminates any twist in the arm.
This famous topological insight of physist Paul Dirac has since taken
many forms and legends: the Phillipine wine glass trick (which involves
sustaining a wineglass placed on the aforementioned palm), the
Feynman Plate trick or the Dirac belt trick.
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Looped String Puzzle
http://bencdean.home.comcast.net/~bencdean/school/Unit%2010.pdf
http://www.youtube.com/watch?v=cYGJbsHu2rU

Here is a classic looped string puzzle made from things found around the classroom.
The looped string puzzle is a disentanglement puzzle with a solution similar to the
Buttonhole Puzzle. Although it is not so difficult, it can be time consuming. Some
students will have a natural ability to solve such puzzles. If you have one in your class,
make him or her your puzzle expert.
Materials:

• pair of children’ scissors
• piece of string
• button (larger than the holes in the scissor handles)

Instructions:
1. Thread the string though the holes in the button and tie the ends
together to form a loop.

2. Turn the scissors on its side and thread the string loop through the
bottom hole (from behind) and then through the top hole (from
behind).
3. Pull loop through the top hole and then back down through the
bottom hole. As you pull the loop, the button will move up towards
the loop.
4. Grab the button and pull it through the loop.
5. Pull down on the button and the loop will slowly move up and knot
itself around the top scissor handle. The puzzle is no ready for
your students to take apart!
Challenge:
To remove the string & button
without cutting, breaking or forcing.
Solution:
The solution is essentially the
assembly instructions in reverse
order (from diagram 4 to 1).
1.Turn the scissors sideways with the knot on the top and the button
dangling through the bottom hole.
2. Pull the bottom of the knot loop down and feed it through the
bottom hole. This action will pull the button up towards the loop.
3. Feed the button through the loop and pull. The string and button
should be free of the scissors.
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Linking PaperclipsPuzzle
http://bencdean.home.comcast.net/~bencdean/school/Unit%2010.pdf

At first this trick seems perplexing, yet after careful observation it is reduced to another
topology trick that works because of transference of curves.
Materials:

• 2 to 8 large paper clips
• strip of paper (~ 4 cm x 26 cm)
• rubber band

Procedure
Part 1
1. Curve the strip of paper into an S-shape.
Attach two paper clips as shown in the
diagram on the right.
2. Pull sharply on the ends of the paper to
straighten it out. What happens to the
paperclips?
Part 2
1. Place the strip of paper through a rubberband so that it is
between the two paperclips as shown in the adjacent
diagram. What happens to the paperclips when you pull?
Part 3
1. This time link the two paperclips together with a paperclip
chain. Can you predict what will happen when you pull? Try
it out.
The Solution
The above topology tricks works because of transference of
curves. The paper strip is curved so that both sides of each
paperclip touch only one side of the paper strip.
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Pencil Cutter (Judah Trick)
http://mathsyear7.wikispaces.com/Anamorph
In this trick a string appears to pass through a pencil and cut a piece of paper.
Materials:

• pencil
• piece of string

• strip of paper rolled to be a straw
• 2- small rubberbands

Procedure:
1. In private, mark one end of a piece of string with a permanent marker.
2. Roll a strip of paper to resemble a drinking straw and flatten it out.
3. Attach one end of the flattened straw to the bottom of the pencil with a small
rubberband.(diagram 1).
4. Bend the straw down and ask a student to hold the base of the pencil so that the
straw is facing you.
5. Take the marked end of the string in your left hand and the unmarked end in your
right hand.
6. Lay the middle of the string against the pencil (diagram 2), then cross its ends behind
the pencil (diagram 3). Throughout the winding, whenever a crossing occurs, the
marked end (labeled “a” in the diagram) must ALWAYS pass over the unmarked end.
Otherwise the trick will not work.
7. Bring the ends forward, crossing them in front of the pencil (diagram 4), then fasten
the free end of the straw to the top end of the pencil with another rubber band
(diagram 5).
8. Cross the ends of the string on top of the straw (diagram 6), wind them behind the
pencil for another crossing (diagram 7), then forward for a final crossing (diagram 8).
9. Ask the spectator to firmly
grip both ends of the
pencil, count three, and
give the ends of the string
a quick vigorous tug.
Diagram 9 shows the
surprising result. The
string pulls straight,
apparently passing right
through the pencil and
slicing the straw which
was "too weak to
withstand the
penetration".
Solution
Careful analysis reveals that the ends of the shoelace spiral around the pencil in a pair
of mirror-image helices. The simple closed curve formed by the performer and lace is
not linked with the simple closed curve formed by the spectator and pencil. The lace
cuts the straw that holds the helices in place.
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String and Ring Puzzle (Yoke Puzzle)
http://britton.disted.camosun.bc.ca/jbstringring.htm
http://www.gamesmuseum.uwaterloo.ca/VirtualExhibits/puzzles/ballstring/solution.html

This puzzle is very old and found in many parts of the world including the arctic. It is
easy to make from materials found in the community.
Materials

• Tongue depressor (from health centre)
• string
• 2 beads or washers

Instructions:
The simplest version is made from a tongue
depressor, drilled with three holes and laced (see
diagram at right) with a continuous string fitted
with two suspended beads (washers).
Challenge
The object of the puzzle is to move one of the rings to the loop on the other side,
without undoing or cutting the string.
Solution (Move the bead on the right over to the left side)
Hold the puzzle so that the small loop is toward you as shown in Photo 1. Do not turn
the puzzle around. Keep the same side of the wood toward you all the time you are
working with the puzzle.
1. Pull the center loop down, and slide the bead on
the right under the center loop and into the
central area.
2. Grab the bead and the two strings that pass
through the center hole and pull towards you
until the double loop passes from the back through the hole to the front.
3. Move the bead to the same position on the other side by passing it through the
double loop.
4. Now reverse the first two steps. Pull the double loop back down through the center
hole and then slide the bead under the center loop and onto the loop on the left.
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Through the Postcard
http://www.puzzles.com/PuzzlePlayground/ThroughPostcard/ThroughPostcard.htm

Challenge your class to make a hole in a simple postcard big enough for a
person to pass through it?
First get some practice how to
perform this cool trick with our
printable version of the
postcard. We've prepared both
a blank rectangle in size similar
to a postcard, and the same
rectangle with the appropriate
lines to cut along. The cards
can be found in the Print 'n'
Play PDF version of this trick.
First print the cards and then
cut them out. Now follow the
next steps to get the required
hole in the postcard. Step 1.
First, we need to make a cut
along the line shown on the
card in Figure 1. For this fold the postcard along the line in half, and with a pair of
scissors cut through the line stopping about a quarter of an inch (approx 6 mm)
from each edge. Step 2. Now make a number of the alternate cuts as shown in
Figure 2. The entire pattern of the cuts is shown in the printable version of the
rectangle. Step 3. Gently open the card; if everything is performed right, you'll see
the pattern shown in Figure 3. Step 4. Open it out still further, until it will form an
endless strip of such a size as to pass easily over a person's body. Make the first try at
the rectangle with the lines that show you how to make the cuts. Then take the other,
blank, rectangle, and try to repeat all the steps. Practice until you can do the trick very
smoothly. Then you're ready to amuse your friends.
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Postcard Template
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Bridge Crossing Puzzles
http://www.aimsedu.org/Puzzle/

Puzzle Background
In the town of Konigsberg, Prussia (now Kaliningrad, Russia), there were seven bridges
over the Pregel river connecting two islands and various other parts of the city. There
was a tradition in Konigsberg to try and walk around the city, crossing over each of the
seven bridges only once. No one was ever able to do it, and yet they were unable to
prove that it could not be done. In 1735, some college students sent the problem to
Leonhard Euler (1707-1783), one of the greatest mathemeticians of the day. Euler was
able to mathematically prove that this walk is impossible because of the number of
points that were connected by an odd number of paths. Euler's study of topics like this
earned him the title, Grandfather of Topology because he unknowingly studied the
topics that would come to be an integral part of that discipline when it was introduced
over 100 years after his death.
This activity challenges students to solve some puzzles similar to the Bridges of
Konigsberg problem. Each puzzle in Bridge Crossing Challenge asks students to draw a
route that will cross every bridge once and only once. After students have solved each
puzzle (or determined that it is not possible to solve), they will create a bridge crossing
puzzle of their own to share with a classmate. This puzzle should help students see
some of the more real-life applications of the study of topology and networks.
Puzzle Presentation
1. Each student will need a copy of the student sheets for this activity. Be sure that
students use pencils so that they can make mistakes and try several different
methods, if necessary.
2. Not all of the puzzles in this activity can be solved; however, students should be
allowed to discover this fact for themselves.
3. When students create their own puzzles to share with a classmate, you may want to
have them draw the final copy in pen so that the other students can erase pencil
marks without erasing the puzzle.
Solution Hint Look at the number of
bridges that go to each land mass.
Bridge Puzzles
1. There is an island in the center of
Elizabeth's town that has three bridges
leading to it. Elizabeth likes to take a
walk from her home to the island by
crossing every bridge once and only
once. How can she do this? Draw
Elizabeth's home where it belongs.
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2. Carlos is trying to Find a way to cross every
bridge on the river in his town without ending
up on the island. Can he do it without
crossing any of the bridges more than once?
Show how, numbering the bridges in the
order that you cross them.
3. The Spiral River in Lin's town
has nine bridges that connect
five islands. Every year the
Five-Island race goes through
the town crossing each bridge
only once. Show one route
that the racers could take,
numbering the bridges in the
order they should be crossed.
4. The Revolution River creates two
nearly identical islands that are each
accessible by three bridges. The
Euler Foundation, a new company in
town, is offering $20,000 to anyone
who can visit both islands by
crossing each bridge once, and only
once. Can you win the prize? Show
how.
5. Konigsberg is a city on the Pregel River that
contains two islands and is joined by seven
bridges. The river flows around the two
islands of the town. The bridges run from
the banks of the river to the two islands in
the river, with a bridge connecting the
islands. It became town tradition to take a
Sunday walk to try and cross each of the
seven bridges only once. Draw the map the
people must have followed in order to complete their journey.
This is the original bridge crossing problem that a man named Leonhard Euler solved in
the 1730s. He proved that it was impossible to cross each of the seven bridges in a
single walk without retracing some of your steps. In fact, when dealing with bridges, if
there are three or more pieces of land that have an odd number of bridges going to
them, you will not be able to cross each bridge without retracing some steps.
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Simple String Figures
http://www.alysion.org/figures/moreeasy.htm
http://www.isfa.org/arctic.htm
String figures and games are historically part of many aboriginal cultures, including the
Inuit. The links given above provide instructions with diagrams and video to direct you
and your class the intricacies of string figures. Besides being a good example of
topological puzzles, string figures and games reinforces many math concepts and
processes including: patterns and relations, geometry, and problem solving. The
example provided below is for an Inuit fishing spear or Kakivak. It is also known as a
witches broom.
Kakivak--Fish Spear (or Witches Broom)
http://www.wikihow.com/Make-a-Witch%27s-Broom-With-String
1. Tie the string into a loop and do Position 1.
To do this, place the string behind the thumb,
running across the palm, and behind the
pinky of both hands.
2. Move the right forefinger under the left palm
string and pick it up by pulling your finger
away. Twist the right forefinger 360 degrees
away from you as you move it back to its
starting position.
3. Stick your left forefinger through the loop on your right forefinger,
and pick up the string laying across your right palm. Pull your left
hand back.
4. Release the right thumb and right little finger loops at the same
time, but don't let go of the loop on your middle finger. Pull the strings
between your hands taut. A completed kakivak (or witch's broom!)
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Mobius Madness
http://mathforum.org/sum95/math_and/moebius/moebius.html
http://www.aimsedu.org/Puzzle/mobius/mobius2.html

The Mobius loop is a topological surface first discovered by German mathematician
August Ferdinand Möbius in 1858.. A mobius loop can be constructed by giving one end
of a strip of paper a half twist before connecting it to the other end. The result is a
confounding surface which has only one side and one edge. Practical applications of
the Mobius loop includes machine belts which are given half a twist so that all surfaces
wear evenly and extent the life of the belt.
How to Make a Mobius Loop.
1. Take a strip of paper and colour one side.
2. Give it a half twist (turn one end over).
3. Tape the ends together.

Mobius Investigation I
1. After you make your mobius strip, take a pencil
and begin to draw a line along its length on the inside of the loop. Keep going until
you meet you original pencil mark. What side of the loop are you on now? How
many sides does the mobius strip have?
2. What will happen if you cut the mobius loop along the line you just made? Now take
a pair of scissors and cut along your line. Was your prediction correct? What
happened?
3. What do you think will happen if you cut it down the middle again? Try it as see
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Mobius Invstigation II
1. Cut two identical strips of paper that are about
11 inches long and one inch wide.
2. Place one strip on top of the other, holding at
the end between your thumb and first finger.
3. Give the strips a half twist and bring the end
together.
4. Tape the ends, together -top to top and bottom
to bottom. You should now have two Möbius loops nested right next to each other.
5. Take a pencil and place it between the two loops.
6. Move the pencil around the loop one time until it returns to the place you began.

Answer these questions after you have made your loops and followed steps 1 - 6
1. What direction is the tip of the pencil facing now?
2. Is this the same or different than the direction it was facing when you began?
3. Move the pencil around the loop one more time. Now what direction is it facing?
4. Pull the two loops apart. What happens?
5. How can you explain this?
Teacher Notes:
Mobius Investigation II presents an interesting variation of the Mobius loop in which two
apparently disconnected loops turn out to be joined together. Students will be
challenged to explain this phenomenon as they explore topology using the Mobius
loop. This investigation works best if you construct a model in front of the class, move
the pencil between the two loops to show that they are not connected, and then try to
pull them apart, showing that they are, in fact, connected. When moving the pencil
between the two loops, you will find that after one rotation the pencil will be facing the
opposite direction than it was when you started. It is necessary to make two complete
rotations to return the pencil to its original orientation. This realization is an important
part of explaining the puzzle, and students should be allowed to make the discovery for
themselves without having it pointed out to them. Once you have demonstrated the
puzzle for the class, give students the necessary materials and have them construct
their own version of the puzzle. It is better if the paper students are using is plain so that
it is more of a challenge to distinguish between front and back.
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